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Overview

• An introduction to Molecular Dynamics (MD)

• Molecular Fluid Dynamics and getting quantities from 

a molecular system

• The liquid-vapour interface

• Defining a Lagrangian reference frame moving with 

the interface

• Some applications



• Solving just Newton’s law

• Energy is automatically conserved → total = kinetic + potential

• Pressure, viscosity, heat flux and surface tension do not need to 

be specified and, are in fact, all outputs of the simulation

• Phase change (evaporation, condensation) occur with no 

additional models needed

• Solid constructed with molecular roughness

• Can model complex molecules, water, polymers, biomolecules

Molecular Dynamics
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Discrete molecules in continuous space

• Molecular position evolves continuously in time

• Acceleration→Velocity→Position

Acceleration obtained from forces

• Governed by Newton’s law for an N-body system

• Pairwise electrostatics interactions from quantum mechanics

i

Molecular Dynamics
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MD Computing

• Force Calculation

• All pairs simulation uses local cell and neighbour lists to reduce 

the N2 calculation to order N

• Move particles (leapfrog in time)
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Non-Equilibrium Molecular Dynamics

• Non-Equilibrium Molecular Dynamics (NEMD) is the study of 

cases beyond thermodynamic equilibrium, with:

• Temperature gradients

• Flow of fluid (e.g. Couette or Poiseuille flow)

• Essentially fluid dynamics - temperature gradients and flows

• Thermostats (e.g. Nosé Hoover)         

remove heat from system

• Solids of molecules with (an)harmonic 

springs linking them to tether site

• Sliding walls by moving molecules

• Many techniques for inducing flows…
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Wall Bounded Flow



Stick-slip 

near walls

Liquid 

structure 

causes 

viscosity

Average behaviour 

reproduces 

hydrodynamics 

(coloured by 

velocity)

Reynolds Number

with 

4096 molecules

Wall Bounded Flow
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Wall Bounded Flow

Reynolds Number

with 

300 million 

molecules
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Reynolds Number

with 

300 million 

molecules

Minimal channel Couette 

flow

Wall Bounded Flow
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Minimal channel Couette 

flow

Reynolds Number

with 

300 million 

moleculesIsosurfaces of turbulent kinetic 

energy coloured by velocity

Molecular Dynamics - Turbulence
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Isosurfaces of turbulent kinetic 

energy coloured by velocity

Reynolds Number

with 

300 million 

molecules

Molecular Dynamics - Turbulence
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Molecular Dynamics – Complex Walls and Fluids

Oil, water and textured surface

Stick-slip 

near walls

Liquid 

structure 

causes 

viscosity

Wall 

Texture

Molecules

of arbitrary 

complexity
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Molecular Dynamics – Shocks and Multi-Phase

Shockwave Droplet Formation

Nucleation Contact line 15
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Linking to Continuum 

Fluid Dynamics

1
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Continuum Fluid Dynamics

• Assumed  continuous at every point in space

• Mass Conservation

• Momentum Balance (Newton’s  aw)

• Energy Conservation
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Direct Numerical Simulation of 

Turbulent Couette Flow



• The Navier-Stokes Equation

• Solve for pressure assuming incompressibility 

• In two-phase flows we also need surface tension

• This can appear as a boundary condition in the liquid/vapour parts of 

the model 

• Other models are possible using Dirac deltas, forcing terms, etc

Computational Fluid Dynamics

Viscosity Coefficient



• Assumes a continuous field
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Linking MD to the Continuum Representation

• Discrete molecules

• Liquid-vapour interface



• We need to use some statistical mechanics

From States of Matter by Goodstein

Statistical Mechanics



• Density in a region of space

Getting Quantities from MD

Angular brackets 

denote time 

average



• Density in a region of space

Getting Quantities from MD

or ensemble  

averaging

Angular brackets 

denote time 

average



Irving and Kirkwood (1950)

The Dirac delta 
infinitely high, 

infinitely thin peak 
formally equivalent 
to the continuum 

differential 
formulation 



• Irving and Kirkwood (1950) express field based quantities using the 

Dirac delta functional and ensemble averages

• Formally equivalent to the continuum

» Demands ensemble or time average

» Dirac delta formally correct but no molecule ever at point r in limit

» Any approximation to the Dirac delta is no longer formally correct

• In conclusion - a discrete system can only be approximately represented 

using a continuous field

The Dirac Delta Function



The Control Volume (Weak) Form

• The “weak formulation” ex ressed the equations in integrated 

form (and we can take without ensemble average)

• Integrating the Dirac delta function exactly provides a 

combination of Heaviside functions



The Control Volume (Weak) Form



The Control Volume Functional

• The Control volume functional is the formal integral of the Dirac delta 

functional in 3 dimensions (3D top hat or box car function)

• In words



The Control Volume (Weak) Form

• The “weak formulation” ex ressed the equations in integrated 

form (and we can take without ensemble average)

• Integrating the Dirac delta function exactly provides a 

combination of Heaviside functions



Density

Smeared interface
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Derivative of the Control Volume



Derivative yields surface fluxes and stresses

• Taking the Derivative of the CV function

• Vector form defines six surfaces

• Or in words



• Control (Finite) Volume form
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Coupled Simulation

• Discrete molecules

Share the same 
time and length 

scales



Pressure (stress) in an MD Simulation

• Pressure definition in a dense molecular system

• Kinetic part due to fluctuations

• Configurational part due to liquid structure

Kinetic 

theory part
Momentum due 

to average of 

molecules 

crossing a plane

and returning 

Configurational 

part
Inter-molecular 

bonds act like the 

stress in a 

stretched spring
38



Pressure (stress) in an MD Simulation
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Pressure (stress) in an MD Simulation

Kinetic 

theory part
Momentum due 

to average of 

molecules 

crossing a plane

and returning 

Configurational 

part
Inter-molecular 

bonds act like the 

stress in a 

stretched spring
40

• Components of stress tensor from components and surface 

• Cauchy’s original definition

• Symmetry is not guaranteed

• The two dimensions tensor is then,



Control Volume Balance

• The balance can be 

shown to be exact for 

any control volume 



The Moving Interface

4

2



Overview of the Process



A more general Control Volume Functional

● The Control volume functional is the formal integral of the Dirac delta 
functional in 3 dimensions (3D top hat or box car function)

● In words



Identifying the Liquid

Least Square fitting to outer 

molecules, linear example here
Cluster Analysis to identify the 

liquid droplets



• The Intrinsic Interface method

Chacon & Tarazona (2003) PRL 91, 166103

• Surface fitted by least squares

Work with Carlos Braga and Serafim Kalliadasis
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Liquid-Vapour interface

● Tensor product surface

• Function of sines and cosines



The Intrinsic Interface
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Work with Carlos Braga and Serafim Kalliadasis

Liquid-Vapour interface



Derivative of the Moving Control Volume



Moving liquid-vapour interfaces

● Derivative now includes terms for moving surface, curvature, etc

Vapour phase

Liquid phase

Sliding Solid walls (tethered)

Vapour phase



Pressure (stress) in an MD Simulation

• Pressure definition in a dense molecular system

• Kinetic part due to fluctuations

• Configurational part due to liquid structure

Kinetic 

theory part
Momentum due 

to average of 

molecules 

crossing a plane

and returning 

Configurational 

part
Inter-molecular 

bonds act like the 

stress in a 

stretched spring
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Pressure Components

• Normal pressure 

given by sum of all 

crossings over the 

interface

• Tangential pressure given by sum of all crossings over 
flat surface tangential to interface



Pressure Components (normal form)

• A general form can be written in terms of the unit vectors

• Calculating pressure on a surface:

• Obtain a crossing on a surface (a moving molecule or a force)

• Dot this with the unit vector to the surface



Getting Curvature

● Tensor product surface



Checking CV Balance

• We add components over 
all volume surfaces:    
normal and tangential



Liquid vapour 

coexistence modelled 

using molecular dynamics

Cluster Analysis detects 

liquid molecules (blue)

Outer molecules 

detected to 

define liquid 

vapour 

interface (red)

Time evolving 

Fourier 

surface 

fitted

Liquid-Vapour interface



Fluxes and 

Forces 

calculated on 

each volume

Resulting pressure, 

including curvature 

and surface 

evolution, exactly 

balances over surface

Time evolving 

Fourier 

surface 

fitted

Flux

Configurational

Surface 

in time

Kinetic

Split into a 

grid of 

control 

volumes

Liquid-Vapour interface



Fluxes and 

Forces 

calculated on 

each volume

Flux

Configurational

Surface 

in time

Kinetic

Normal Pressure



Fluxes and 

Forces 

calculated on 

each volume

Flux

Configurational

Surface 

in time

Kinetic

Normal Pressure

Sum



Normal Pressure is Flat (equilibrium)

Solid-liquid 

Eulerian 

reference

Liquid-vapour 

Lagrangian

reference

Liquid-vapour 

Eulerian 

reference



Missing from Other Pressure Definitions

• Irving Kirkwood 1 (IK1) or Virial Pressure

• Volume Average (VA) Pressure

• Surface Pressure (Generalised 

Method of Planes)

• Only surface pressures 

satisfy this balance correctly



Surface Tension

• Kirkwood Buff Method to get surface tension

Integrate difference between normal 

and tangential pressure over 

liquid-vapour interface(s)
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Tangential Pressure and Surface Tension

• Contribution to surface tension localised 

to very thin region at interface



Stress Networks

• Taking the instant Tangential Pressures on the intrinsic interface itself

Work by
Muhammad 

Rizwanur Rahman
at

Imperial College



Percolating Cluster



Applications
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Marangoni flows

• Formation of concentrations gradients linked to surface



Surface Wettability

•  e ends entirely on the “wetting” interaction between 

surface and fluid, tuned using:

• Mixing rules, e.g.  Lorentz-Berthelot

• Bottom up simulation e.g. quantum mechanics

• Top down e.g. to get desired contact angle



MD Simulation of Droplets

• Low Wettability

• Intermediate Wettability

• High Wettability



The Static Contact Line



The Static Contact Line

Vapour side of 

a Hydrophillic

Surface

θ < 90

θ

LIQUID



The Static Contact Line

Vapour Side 

of a 

hydrophilic 

surface 

θ > 90

θ

LIQUID



The Static Contact Line

Vapour side of 

a Hydrophillic

Surface

θ < 90

Vapour Side 

of a 

hydrophilic 

surface 

θ > 90

θ θ

LIQUIDLIQUID



The Static Contact Line



Dynamic Contact Line

Work with Omar Matar, Erich Muller and Richard Craster



Dynamic Contact Line

• Model the 
moving contact 
line with MD

• We want contact 
line speed as a 
function of 
continuum 
contact angle

Work with Omar Matar, Erich Muller and Richard Craster



Dynamic Contact Line

• In Continuum, an empirical contact line model 

is needed. Output of MD

• Two fluid phases and sliding molecular walls

• Wall velocity vs contact line angle

Work with Omar Matar, Erich Muller and Richard Craster



Time Evolution of Contact Angle

• Linear and Cubic Fitting angles fluctuates over time

• Probability density 

function of angle 

shows range of 

micro-scale 

behaviour
• Linear, Advancing and Receding angles

Work with Omar Matar, Erich Muller and Richard Craster



Building this into the Continuum Model

• A Langevin Equation uses random noise to model this

• Coefficients parameterised using 

• Standard deviation – range of fluctuations

• Autocorrelation – how quickly they decay.

Work with Omar Matar, Erich Muller and Richard Craster



Bubbles nucleate   

in valley

Vapour

Wall with fractal  

molecular 

roughness

Liquid

Heated Region

Isosurface

of average 

density

800,000

molecules

Molecular Dynamics - Nucleation
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Work with Omar Matar & Tassos Karayiannis 

EMBOSS EPSRC grant



Isosurface

of average 

density

Bubbles grow, 

coalesce and 

eventually 

form a film

800,000

molecules

Isosurface of Density

Twall=1.3
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Work with Omar Matar & Tassos Karayiannis 

EMBOSS EPSRC grant



Wetting and Nucleation
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Work by 

Alessio Lavino 

at Imperial

Hydrophobic Hydrophilic



Factors in Bubble Nucleation 

Solid Heat 

Flux

Gas-solid

Interface

Solid-liquid

Interface

Contact line

Gas 

Heat Flux

Liquid Heat 

Flux

Gas-liquid

Interface 

+ Evaporation
Fluid Flow

(Viscous)



Overview

• An introduction to Molecular Dynamics (MD)

• Molecular Fluid Dynamics and getting quantities from 

a molecular system

• The liquid-vapour interface

• Defining a Lagrangian reference frame moving with 

the interface

• Some applications



Questions

Thank you, any questions?

Please see https://edwardsmith.co.uk



Normal Components Balance 

• This suggests a new insight into surface 

tension on a flat surface



Written in terms of normal vector

• This suggests a new insight into surface 

tension on a flat surface



Tangential Pressure

Work with Carlos Braga and Serafim Kalliadasis

Fixed Surface

Intrinsic

Surface



Results for Surface Tension

Fixed Surface

Intrinsic

Surface

Work with Carlos Braga and Serafim Kalliadasis

Tension defined by less than 
1nm of surface



Pressure as a function of Temperature



Droplet vs. Bubbles

Work by 

Wen Jun (Sonic) 

at Imperial 

wall

Vapor 
region

Pressure 
inside 
liquid

Pressure 
inside 
bubble

Radius of 
density

Radius of 
surface 
tension



Coupled Simulation of Boiling

• Bubble nucleation 

occurs naturally in 

MD

• Density, velocity and 

temperature passed 

as boundary 

conditions



• Density at a point
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Getting Quantities from MD

• Discrete molecules

Share the same 
time and length 

scales



Domain Decomposition

MD –CFD linked along an 

interface 2)

Embedded Models (HMM)

MD – embedded in a CFD 
simulation 1)

Table Lookup or 

Coefficients

MD parameter study 

stored in table and CFD 

uses data

The Link to Continuum Fluid Dynamics

1) Ren (2007), E et al (2003), Borg et al (2013) 2) O’Connell and Thompson (1995), Flekkøy at al (2000), Nie et al 
(2004), Hadjiconstantinou et al (1999), Delgado-Buscalioni & Coveney, (2003), Mohamed & Mohamad, (2009)
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Irving and Kirkwood (1950)



Density in the molecular system is defined

Time evolution from the Irving and Kirkwood procedure

Irving and Kirkwood (1950) cont.



Viscosity

• Good agreement with experiments
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Heat Conduction
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Work with Billy Todd and Peter Daivis

• Good agreement with experiments


